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TORIC ANTI-SELF-DUAL EINSTEIN METRICS VIA
COMPLEX GEOMETRY
JOEL FINE
Abstract. Using the twistor correspondence, we give a classification
of toric anti-self-dual Einstein metrics: each such metric is essentially
determined by an odd holomorphic function. This explains how the
Einstein metrics fit into the classification of general toric anti-self-dual
metrics given in an earlier paper [7]. The results complement the work
of Calderbank–Pedersen [6], who describe where the Einstein metrics
appear amongst the Joyce spaces, leading to a different classification.
Taking the twistor transform of our result gives a new proof of their
theorem.
1. Introduction
The twistor correspondence between anti-self-dual four-manifolds and cer-
tain complex three-folds makes it possible to use techniques of complex ge-
ometry to solve problems in Riemannian geometry. A previous paper [7]
exploits this approach to describe the local geometry of an anti-self-dual
four-manifold which admits (the germ of) a conformally Killing two-torus
action.
The relevant details are summarised in §2 below. The upshot is that such
conformal classes are determined by pairs (τ, φ) where:
• τ is a holomorphic involution of a neighbourhood of 0 ∈ C with
τ ′(0) = −1;
• φ is a holomorphic C2-valued function, defined on the same neigh-
bourhood, which is τ -odd (φ ◦ τ = −φ) and is such that φ′(0), φ′(0)
are C-linearly independent in C2.
This article address the question of when such a conformal class admits an
invariant Einstein representative. From the twistor correspondence, this is
equivalent to the twistor space admitting an invariant twisted holomorphic
contact structure. This places strong restrictions on (τ, φ). The main result
(Theorem 3.9) is that an Einstein representative exists if and only if:
• τ is the “standard” involution C→ C given by τ(z) = −z;
• There is a choice of basis for C2 such that the two corresponding
components of φ satisfy
(z2 + 1)φ′1(z) + i(z
2 − 1)φ′2(z) = 2.
Given any odd holomorphic function φ1, there is a unique odd holomor-
phic φ2 which satisfies the above ODE. Thus it follows from this result
that toric anti-self-dual Einstein metrics are, locally at least, determined by
a single odd holomorphic function. See Theorem 3.10 for a more precise
statement.
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There has already been much written about toric anti-self-dual Einstein
metrics. Indeed, Calderbank–Pedersen [6] have given a different classifi-
cation of the local geometry. Their work relies on that of Joyce [12] who
classified surface-orthogonal toric anti-self-dual four-manifolds—called Joyce
spaces—a class general enough to contain the Einstein metrics (at least in the
non-hyperka¨hler case). The Calderbank–Pedersen classification is obtained
by determining exactly when a Joyce space admits an Einstein representa-
tive.
This approach is not explicitly twistorial, however, and it is not clear
directly from the work of Calderbank–Pedersen how the Einstein metrics
fit into the picture developed in [7]. The point of view taken here has the
advantage that it provides a description not only of the metric, but also
the associated twistor space. The price paid, however, is that an explicit
description of the metric is not so straightforward from this point of view.
Of course, the two classifications are equivalent; as is explained in §4,
taking the twistor transform of the above ODE for φ gives a new proof of
Calderbank and Pedersen’s result.
Acknowledgments. I would like to thank Simon Donaldson, Michael Singer,
Richard Thomas and Dominic Wright for helpful discussions.
2. Review of the twistor correspondence
2.1. The twistor correspondence for Einstein metrics. The Penrose
twistor correspondence gives a one-to-one correspondence between germs
of conformal classes of anti-self-dual 4-manifolds M and twistor spaces Z
which are complex three-folds with certain properties: Z admits a fixed-
point-free anti-holomorphic involution γ and contains a γ-invariant rational
curve L with normal bundle O(1) ⊕O(1). The deformations of L in Z are
called twistor lines, the γ-invariant deformations real twistor lines. In the
context of Riemannian geometry this theory was first developed in detail by
Atiyah–Hitchin–Singer [2].
Many statements about the Riemannian geometry of an anti-self-dual
4-manifold have holomorphic interpretations on its twistor space. Two ex-
amples of this phenomenon which will be used here are the following.
Theorem 2.1 (Pontecorvo [17]). A Ka¨hler representative of an anti-self-
dual conformal class corresponds to a holomorphic section of K−1/2 which
is compatible with γ and not identically zero on real twistor lines.
Theorem 2.2 (Ward [19]. See also [10, 3]). An Einstein representative of
an anti-self-dual conformal class corresponds to a holomorphic section θ of
T ∗Z ⊗K−1/2, whose restriction to real twistor lines is non-zero.
As is explained in, for example [3], in the Einstein case, the quantity dθ∧θ
is a constant function which can be identified with the scalar curvature.
Hence the metric is hyperka¨hler precisely when dθ ∧ θ = 0, i.e., when the
holomorphic distribution E = ker θ is integrable. An anti-self-dual Einstein
metric which is not hyperka¨hler has dθ ∧ θ 6= 0, making θ a twisted contact
structure.
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Hyperka¨hler four-manifolds with Killing fields are well understood thanks
to the work of Gibbons–Hawking [8]. Accordingly, we focus on the non-
hyperka¨hler case here.
2.2. The toric twistor correspondence. A previous article [7] used twis-
tor theory to classify the local geometry of anti-self-dual four-manifolds M
which admit two linearly independent, commuting, conformally Killing vec-
tor fields X1,X2. The main points are briefly reviewed here.
The Xi lift to holomorphic vector fields X˜i on Z where they generate (the
germ of) a C2-action. At least when M is not hypercomplex, this C2-action
is free near a generic real twistor line L. It is not, however, transverse to L;
the orbits are tangential at precisely the two antipodal points corresponding
to almost complex structures on M for which X1,X2 span a complex line.
These two orbits, through the points J, γ(J) ∈ L say, are tangential to first
order, so nearby orbits meet L twice. This determines a pair of holomorphic
involutions, one defined near J and another defined near γ(J); for J ′ ∈ L
near J , the involution τ is defined by setting τ(J ′) to be the other point of
L which lies on the orbit through J ′. The involution defined near γ(J) is
related to τ by γ and so carries no extra information.
The action also determines a C2-valued holomorphic function φ, defined
on the domain of τ . For J ′ near J , φ(J ′) is the unique element of C2 which
satisfies φ(J ′) · J ′ = τ(J ′) where · denotes the C2-action. The function φ is
τ -odd, i.e., φ ◦ τ = −φ.
Let z be a coordinate on L which is 0 and ∞ at J and γ(J) respectively,
and in which the antipodal map is γ(z) = −z¯−1. This choice of coordinate
is unique up to rotations. The domain of τ is now a neighbourhood U ⊂ C
of the origin. The function φ : U → C2 also has the property that φ′(0) and
φ′(0) are linearly independent vectors in C2. (This follows from the fact that
the normal bundle of L is O(1)⊕O(1). If the vectors are linearly dependent,
L has normal bundle O(2)⊕O.)
Given such a pair (τ, φ) the corresponding twistor space can be explicitly
reconstructed; hence (τ, φ) completely determines the twistor space—and so
the anti-self-dual metric—and all such pairs arise. Taking into account the
rotational freedom in the choice of coordinate z gives the following result.
Let S denote the set of germs, taken at generic points, of toric anti-self-dual
conformal classes, modulo conformal equivalence; let T denote the set of all
pairs (τ, φ) as described above, modulo the action of S1 by rotation.
Theorem 2.3 (Donaldson–Fine, [7]). The sets S and T are in natural one-
to-one correspondence.
It is also possible to describe when the toric anti-self-dual conformal class
admits an invariant Ka¨hler representative, or, equivalently, when K−1/2
admits invariant holomorphic sections. It turns out that this happens if
and only if τ lies in a certain one-parameter family {τc} and that when this
happens the space of invariant holomorphic sections of K−1/2 has complex
dimension two.
We should mention that there are many other approaches to studying
anti-self-dual four-manifolds with Killing fields. In the case of a single
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Killing field, Jones–Tod [11] considered the induced geometry on the three-
dimensional space of integral curves, showing that anti-self-dual four-mani-
folds with a Killing field correspond to three-dimensional Einstein–Weyl
spaces carrying a monopole. This correspondence has been particularly
fruitful; see, for example, the results in [5, 14, 15].
The first work in the toric case was that of Joyce [12] which focuses on the
case when the orthogonal distribution to the action is integrable. Joyce’s
construction—which is briefly reviewed in section 4.2—does not use the
Jones–Tod correspondence. Applying this correspondence, however, leads
to an alternative approach to the toric case; namely one considers separately
the quotients by each Killing field and then relates the resulting Einstein–
Weyl spaces and monopoles. This idea is explored by Calderbank–Mason
[4]. It also features in Calderbank–Pedersen’s approach to toric anti-self-
dual Einstein metrics [6].
3. Toric anti-self-dual Einstein metrics
The main question considered here is to decide when the conformal class
(τ, φ) admits an invariant Einstein representative with non-zero scalar cur-
vature.
3.1. Symmetries of anti-self-dual Einstein metrics. We begin by re-
calling some well-known material concerning symmetries of anti-self-dual
Einstein metrics. As is mentioned above, in the non-hyperka¨hler case, the
twistor correspondence describes an Einstein metric via a twisted holomor-
phic contact structure on Z, i.e., a holomorphic, maximally non-integrable,
hyperplane distribution E ⊂ TZ. A contact vector field on Z is one whose
flow preserves E. The following standard result in contact geometry de-
scribes the holomorphic contact fields. (The non-holomorphic version of
this result is described in [1]. It was first applied in the context of twistor
theory in [16].)
Proposition 3.1. Let E ⊂ TZ be a twisted holomorphic contact distribu-
tion on a complex manifold Z2n+1. The quotient map TZ → TZ/E de-
fines an isomorphism between the space of holomorphic contact fields and
H0(Z, TZ/E).
Proof. The quotient TZ → TZ/E is a holomorphic 1-form θ with values
in TZ/E. The first step is to move to a space where θ is a genuine 1-
form. Let Z ′ = (TZ/E)∗ \ Z, where Z is thought of as the zero section.
(Z ′ is the so-called “symplectisation” of Z.) The pull back of TZ/E under
pi : Z ′ → Z is tautologically trivialised and, consequently, pi∗θ is a holomor-
phic 1-form on Z ′. It is just the restriction of the canonical 1-form of T ∗Z
under the embedding Z ′ ⊂ T ∗Z determined by θ. Moreover, d(pi∗θ) is a
non-degenerate holomorphic 2-form on Z ′, i.e., θ embeds Z ′ as a complex
symplectic submanifold of T ∗Z. This is equivalent to the fact that E is
maximally non-integrable.
Now, let X be a holomorphic contact field on Z. Since it preserves E it
lifts to a holomorphic symplectic vector field on Z ′. The symplectic struc-
ture is exact and the lift, and hence X, is determined by its Hamiltonian
θ(X) ∈ H0(TZ/E) interpreted as a function on (TM/E)∗. Notice that the
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Hamiltonian is linear along the fibres of Z ′ → Z. Conversely, any holomor-
phic function on Z ′ which is fibrewise linear—i.e., a section s ∈ H0(TZ/E)—
determines a holomorphic Hamiltonian vector field on Z ′ which descends to
a holomorphic contact field on Z. 
Applying this and the twistor correspondence in the case of anti-self-dual
Einstein metrics gives the following well-known result. It appears explicitly
in [16] and is also implicit in Lemma 13.36 of the earlier [3] (see also [6],
Proposition 2.1 and its corollary); the link between the holomorphic sections
of K−1/2 considered here and the solutions of the twistor equation on M
considered in [3, 6] is provided by [9].
Corollary 3.2 (See [3, 6, 16]). Let M be an anti-self-dual Einstein manifold
with non-zero scalar curvature and let V be the space of Killing fields on M .
There is a canonical isomorphism V ⊗ C ∼= H0(Z,K−1/2), which respects
the real structures.
Combining this 3.2 with Pontecorvo’s Theorem (2.1) now gives a twistor-
theoretic proof of the following fact. This was originally proved by Tod in
[18] where he also outlines the twistor argument given below, which is due
to LeBrun. We repeat the proof for completeness.
Corollary 3.3 (Tod, [18]). Let M be an anti-self-dual Einstein manifold
with a non-zero Killing field. Then M is conformally Ka¨hler on a dense
open subset.
Proof. If M has zero scalar curvature then M is hyperka¨hler and there is
nothing to prove. If M has non-zero scalar curvature, then by Corollary 3.2
there is a real non-zero section s ∈ H0(K−1/2). By Pontecorvo’s Theorem,
2.1 above, Ka¨hler representatives of an anti-self-dual conformal class are
given by precisely such sections. The Ka¨hler metric on M is defined only
at the points corresponding to real twistor lines on which s does not vanish.
Since, on restriction to any twistor line L, K−1/2|L ∼= O(2) (this is part of
the standard twistor theory, see [2]), the zero divisor of s meets the generic
line in two distinct points. Hence the corresponding Ka¨hler metric is defined
almost everywhere on M . 
As an aside, note that it is not possible to improve this to globally con-
formally Ka¨hler in general. A well-known example of this phenomenon is
given by P2 with the Fubini–Study metric. This is anti-self-dual and Ein-
stein with Killing fields, yet, since b+ = 0, cannot be Ka¨hler. The Ka¨hler
metric produced by the above result is defined on the complement of a line.
In other words, the Ka¨hler metric is defined on the blow-up of C2 at the
origin and, in fact, it can be seen to be the Burns metric. This example is
explained in detail in an article of LeBrun [13].
3.2. From an Einstein metric to the holomorphic conditions. We
now consider the case of a toric anti-self-dual conformal class which admits
an invariant Einstein representative, with non-zero scalar curvature. Let
(τ, φ) be the corresponding pair which defines the twistor space Z with C2-
action. By assumption, Z admits an invariant twisted holomorphic contact
6 JOEL FINE
structure θ ∈ H0(T ∗Z ⊗K−1/2). The fact that θ is invariant places strong
restrictions on both τ and φ which we now describe.
There are two important rank-two sub-bundles of TZ: the trivial C2 sub-
bundle defined by the action and the kernel E of θ. The essential idea is to
exploit the C2-invariance of both the intersection E ∩ C2 and of E itself.
The lifts X˜i of the Killing fields are linearly independent holomorphic
contact fields. It follows from Corollary 3.2 that ξi = θ(X˜i) ∈ H0(K−1/2) are
also linearly independent. They give a family of non-zero sections of K−1/2
parametrised up to scale by P1. This means, in the notation of §2, that
τ = τc for some c. The family of sections includes the C
∗ family described
in the previous paper [7], the two missing points of P1 corresponding to
sections each with a double zero on the central twistor line, instead of two
distinct simple zeros.
It follows, in particular, that on the central twistor line ξ1, ξ2 have no
common zeros. If they did, every section in the family would share a zero,
which, from the explicit description in [7], never happens. This means that
over L, E ∩ C2 is a line sub-bundle of C2. Since K−1/2|L has degree 2, the
corresponding map L→ P1 is a double cover.
Lemma 3.4. The involution τ extends to the whole of the central twistor
line L.
Proof. C2-invariance means that τ must flip the sheets of the double cover
L→ P1 and so extends to the whole of L. 
So τ is the “standard” involution, given by τ(z) = −z in a global coordi-
nate on L. There is a natural identification K−1/2|L ∼= TL; using this write
ξi = qi∂z for quadratic polynomials qi.
Lemma 3.5. The qi satisfy qi(−z) = qi(z) (i.e., they have no linear term).
Proof. Since the double cover L→ P1 is τ -invariant, there is a scalar c ∈ C∗
such that qi(−z) = cqi(z). This forces c2 = 1 and, since the ξi can’t both
vanish at z = 0, we must have c = 1. 
The next step is to examine the C2-invariance of E. This forces a relation
between the two components of φ.
Lemma 3.6. The components of φ satisfy the ODE:
q1(z)φ
′
1(z) + q2(z)φ
′
2(z) = 2.
Proof. Since θ is non-zero when restricted to a twistor line, E is always
transverse to the central line L: over L, TZ = E ⊕ TL. On the other
hand, the C2-action is also transverse to L except at the points 0,∞: over
L − {0,∞}, TZ = C2 ⊕ TL. Hence, away from 0 and ∞, it is possible to
express E as the graph of a map χ : C2 → TL. The map χ is determined by
θ(χ(v)) = −θ(v) for all v ∈ C2. In fact, on restriction to L, θ is a non-zero
section of T ∗L ⊗ K−1/2|L ∼= O, i.e., a non-zero constant; for convenience
rescale θ so that this constant is one. Then χ = (−q1∂z,−q2∂z) and over
L− {0,∞}, E = imQ where Q : C2 → C2 ⊕ TL is given by
Q =

 1 00 1
−q1∂z −q2∂z

 .
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When z is in the domain of φ, acting by φ(z) gives a map Z → Z taking
z to −z; let D(z) : TzZ → T−zZ denote the derivative of this map. With
respect to the splitting TzZ = C
2 ⊕ TzL,
D =

 1 0 dφ10 1 dφ2
0 0 dτ

 .
By C2-invariance, E−z = D(z)(Ez). This means that for z 6= 0 the two
injections D(z)Q(z) and Q(−z) have the same image. Hence there is a
unique isomorphism A(z) of C2 such that Q(−z)A(z) = D(z)Q(z). Writing
this out gives
A =
(
1− q1φ′1 −q2φ′1
−q1φ′2 1− q2φ′2
)
(where we have used qi(−z) = qi(z)).
Since D−1(z) = D(−z) it follows that A−1(z) = A(−z). Note also that
A(−z) = A(z), so A2 = 1. The off-diagonal entries of A2 are automatically
zero, whilst the diagonal terms are one if and only if q1φ
′
1 + q2φ
′
2 = 2. 
The quadratic polynomials q1, q2 have no common zeros and so are a basis
for the space of quadratics of the form az2 + b. They are not invariants of
Z alone since they depend on the choice of basis X˜1, X˜2 for the C
2-action.
This dependence is GL(2,C)-equivariant, for the obvious action on bases,
so by changing basis for the C2-action, we can arrange for q1, q2 to be any
basis we like.
If we want to maintain compatibility with the real structure on Z, how-
ever, we should only change basis for the R2-action on M . In this case the
vector fields qi∂z remain compatible with the antipodal map z 7→ −z¯−1. By
changing basis for the R2-action we can still arrange for
q1(z) = z
2 + 1, q2(z) = i(z
2 − 1).
We now collect the results of this section together:
Proposition 3.7. If the conformal class corresponding to (τ, φ) admits an
invariant Einstein representative then:
• There is a global coordinate on L in which τ(z) = −z;
• There is a choice of basis for the Killing fields such that the compo-
nents of φ satisfy the ODE
(z2 + 1)φ′1(z) + i(z
2 − 1)φ′2(z) = 2.
3.3. From the holomorphic conditions to an Einstein metric. It re-
mains, of course, to show that the conditions of Proposition 3.7 are sufficient.
Let (τ, φ) be holomorphic data determining a toric anti-self-dual conformal
class where τ(z) = −z in a global coordinate. As is explained in [7], the
corresponding twistor space Z is built by gluing three pieces together. As-
sume φ is defined on the disc of radius r < 1. Let D1 = {z : |z| < r},
Ω = {z : r/2 < |z| < 2/r} and D2 = {z : 1/r < |z|} and let U denote
a small neighbourhood of the origin in C2. Denote by Xi the quotient of
Di × U under (z, v) ∼ (−z, v + φ(z)), and let XΩ = Ω × U . Provided
U is chosen small enough, the quotient map is an isomorphism near the
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boundary of each Di × U and this is used to glue the three pieces to form
Z = X1 ∪XΩ ∪X2.
Proposition 3.8. Let q1, q2 be a basis for the space of quadratic polynomials
of the form az2 + b. If τ(z) = −z in a global coordinate on L and
q1(z)φ
′
1(z) + q2(z)φ
′
2(z) = 2.
then the twistor space corresponding to (τ, φ) admits an invariant twisted
contact structure θ ∈ H0(T ∗Z ⊗K−1/2) which is non-zero on twistor lines.
Proof. The first step is to define the kernel E ⊂ TZ. Let
Vj =
∂
∂vj
+ qi
∂
∂z
and consider the hyperplane distribution 〈V1, V2〉 on the parts Di × U and
XΩ = Ω× U .
Xi is the quotient of Di × U by the Z2-action generated by g(z, v) =
(−z, v + φ(z)). Now
g∗
(
∂
∂vj
)
=
∂
∂vj
,
g∗
(
∂
∂z
)
= − ∂
∂z
+ φ′1
∂
∂v1
+ φ′2
∂
∂v2
Direct calculation gives
g∗(V1) = (1 + q1)φ
′
1V1 + q1φ
′
2V2,
and so g∗(V1) ∈ 〈V1, V2〉. The point is that V1, V2 and ∂/∂z form a basis for
the tangent bundle. The hypothesis q1φ
′
1 + q2φ
′
2 = 2 implies that, in this
basis, the ∂/∂z-component of g∗(V1) vanishes. Similarly, g∗(V2) ∈ 〈V1, V2〉.
This means that the distribution descends to each Xi. Under the gluing
they fit together with the distribution on XΩ to give a rank two sub-bundle
E ⊂ TZ. C2-invariance follows from the invariance of the distribution on
Di × U .
The distribution E defines a C2-invariant TZ/E-valued holomorphic one-
form θ. To check that θ is a contact form, notice that the Lie bracket
[V1, V2] upstairs has simple zeros at z = 0 and z = ∞ and is non-zero
elsewhere. Hence, on passing to the quotients, X1,XΩ,X2, the distribution
E is everywhere non-integrable.
The next step is to identify TZ/E with K−1/2. The canonical divisor of
Z is a pair of C2-orbits with multiplicity; more precisely, let p ∈ L with
τ(p) 6= p and let Vp ⊂ Z denote the C2-orbit of p; then K = −2(Vp + Vτ(p)).
To see this, denote by f : L → P1 the branched double covering f(z) = z2
corresponding to τ . The three open sets D1,D2,Ω cover P
1. By moving
p if necessary, assume that f(p) ∈ Ω. Let α be a meromorphic one-form
on P1 with a double pole at f(p) and holomorphic elsewhere. Define a
meromorphic three-form β on Z by taking β = α ∧ dv on X1 and X2, and
β = f∗α ∧ dv on XΩ. It has double poles at f−1(f(p)) = {p, τ(p)} and so
the canonical divisor is as claimed.
To show that TZ/E ∼= K−1/2 it suffices to find a holomorphic section
which vanishes to order one along Vp + Vτ(p) for some p. This is done by
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projecting, say ∂/∂v1. Modulo E, this is equal to q1∂/∂z which has simple
zeros along the orbits through the roots of q1, which are τ -invariant.
Finally, notice that, by construction, E is transverse to L and hence, on
restriction to L, and so also on other nearby twistor lines, θ is non-zero. 
To produce a contact structure compatible with the real involution it is
necessary to begin with qi∂z compatible with γ. It is then straightforward
to check that the distribution 〈V1, V2, 〉 is real: it is invariant under the
real structure on Ω× U and taken to itself under the antiholomorphic map
D1×U → D2×U . This means that the contact structure on Z is also real.
Taken together with Proposition 3.7 this gives the following result.
Theorem 3.9. The toric anti-self-dual conformal class corresponding to the
pair (τ, φ) admits an invariant Einstein representative if and only if:
• There is a global coordinate on L in which τ(z) = −z;
• There is a choice of basis for the Killing fields such that the compo-
nents of φ satisfy the ODE
(z2 + 1)φ′1(z) + i(z
2 − 1)φ′2(z) = 2.
This can be rephrased as a “classification” of toric anti-self-dual Einstein
metrics with non-zero scalar curvature. Let E be the set of germs of toric
anti-self-dual Einstein metrics taken at generic points, with non-zero scalar
curvature. Let F denote the set of odd C-valued holomorphic functions ψ,
defined on a neighbourhood of 0 ∈ C and which have |ψ′(0)−1| 6= 1, modulo
the action of S1 by rotations in C.
Theorem 3.10. The sets E and F are in natural one-to-one correspondence.
Proof. Given an odd holomorphic function φ1 there is a unique odd holo-
morphic φ2 for which the ODE is satisfied. (The ODE determines φ2 up to
a constant which is fixed by the requirement φ2(0) = 0.) In order that this
choice of φ corresponds to a genuine conformal class it remains to check that
φ′(0) and φ′(0) are linearly independent, which is equivalent to saying that
φ′1(0)φ
′
2(0) is not real.
If φ1, φ2 satisfy the ODE, then φ
′
2(0) = −i(2− φ′1(0)). Now φ′1(0)φ′2(0) is
real if and only if 2φ′1(0) − |φ′1(0)|2 is imaginary which happens if and only
if |φ′1(0)− 1| = 1. Hence the map (τ, φ) 7→ φ1 gives a bijection E → F . 
The two components of F given by |ψ′(0) − 1| > 1 and |ψ′(0) − 1| < 1
correspond to the sign of the scalar curvature in E . It is interesting to note,
perhaps, that as you cross the circle |ψ′(0) − 1| = 1, the twistor spaces
remain smooth complex manifolds (provided you avoid ψ′(0) = 0) with
twisted holomorphic contact structures; however, the normal bundle to the
central line degenerates from O(1)⊕O(1) to O(2)⊕O.
4. Metric formulae
In this section we explain how the ODE for φ gives a relationship between
the metric coefficients in two different natural coordinate systems. In one
of these coordinate systems, this recovers the main result of Calderbank–
Pedersen [6].
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4.1. Twistor coordinates. Let (τ, φ) define a toric anti-self-dual confor-
mal class, with τ(z) = −z in a global coordinate. As is explained in [7], the
space of twistor lines has natural coordinates (r, s, v1, v2) where vi ∈ C are
coordinates for the C2-action and r, s ∈ L are near 0,∞ respectively. We
call these twistor coordinates. In these coordinates, the conformal structure
is given by
drds+
(A2dv1 −A1dv2)(B2dv1 −B1dv2)
(A2B1 −A1B2)2 ,
where Ai, Bi are functions of r, s defined as follows. Let
Gi(r, s) = − 1
4pii
∫
C
zφi(z)
(z2 − r)1/2(z2 − s)1/2dz,
where the square-root is defined by cutting the plane between ±√r and
between ±√s and the contour C has two components, one around each cut.
Then Ai = ∂Gi/∂r and Bi = ∂Gi/∂s. (Strictly speaking, A and B are only
defined up to sign; A behaves like s−1/2 near s =∞ and B like s−3/2. The
products AB in the formula for the metric are well-defined, however. We
will gloss over this in what follows.)
The ODE for φ gives a PDE for the Gi and hence also a relation between
the metric coefficients Ai, Bi.
Lemma 4.1. Suppose that (az2 + b)φ′1(z) + (cz
2 + d)φ′2(z) = 2. Then
(ar + b)
∂G1
∂r
+ (cr + d)
∂G2
∂r
+ (as+ b)
∂G1
∂s
+ (cs+ d)
∂G2
∂s
= 0.
Proof. This is a direct calculation. For notational convenience, put χ =
(z2 − r)−1/2(z2 − s)−1/2. By assumption,
2z(aφ1 + cφ2)dz = d[(az
2 + b)φ1 + (cz
2 + d)φ2]− 2dz.
Hence,
2aG1 + 2cG2 =
∫
C
d[(az2 + b)φ1 + (cz
2 + d)φ2]χdz,
since
∫
C χdz = 0 as χ is holomorphic between the two components of C.
Integrating by parts and using dχ = −(2z2 − r − s)zχ3dz gives
2aG1 + 2cG2 = − 1
4pii
∫
C
[(az2 + b)φ1 + (cz
2 + d)φ2](2z
2 − r − s)
(z2 − r)(z2 − s) zχdz.
Taking the φ1 term first, and expanding in partial fractions, part of the
integrand is(
2a+
2(ar + b)
z2 − r +
a(s− r)
z2 − s +
(ar + b)(s− r)
(z2 − r)(z2 − s)
)
zφ1χdz.
Using ∂G1∂r =
1
2
∫
C(z
2 − r)−1zφ1χdz and similar formulae for ∂G1∂s and ∂
2G1
∂r∂s ,
the φ1 contribution to the integral is
2aG1 + 4(ar + b)
∂G1
∂r
+ 2(s − r)a∂G1
∂s
+ 4(ar + b)(s − r)∂
2G1
∂r∂s
.
Next use the second order PDE for G1,
∂2G1
∂r∂s
=
1
2(r − s)
(
∂G1
∂r
− ∂G1
∂s
)
,
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to write the φ1 contribution as
2aG1 + 2(ar + b)
∂G1
∂r
+ 2(as + b)
∂G1
∂s
.
There is a similar formula for the φ2 contribution with a, b replaced by c, d
and G1 replaced by G2. Putting the pieces together and canceling 2aG1 +
2cG2 from each side gives the result. 
4.2. Joyce’s construction and the Calderbank–Pedersen classifica-
tion. A special type of toric anti-self-dual conformal class arises when the
orthogonal distribution to the action is integrable; these are called surface-
orthogonal. It follows from the explicit formula for the conformal class given
in the previous section, that when τ(z) = −z in a global coordinate, any
conformal class corresponding to (τ, φ) is surface orthogonal (and, indeed,
the converse is true). In particular we see, by Lemma 3.4, that toric anti-
self-dual Einstein metrics are surface orthogonal. This was first proved by
Calderbank and Pedersen by different methods (Proposition 3.2 of [6]).
In [12], Joyce classifies the local geometry of surface orthogonal anti-self-
dual conformal classes. In [6] Calderbank and Pedersen give the following
description of Joyce’s work.
Generically, surface-orthogonal anti-self-dual conformal classes are deter-
mined by a pair of axially-symmetric harmonic functions defined on an open
set in R3. So we take as input a vector-valued function F = F (x, y) on an
open set in the upper-half plane y > 0 satisfying the equation
(4.1)
∂2F
∂x2
+
∂2F
∂y2
+
1
y
∂F
∂y
= 0.
Here x, y are real coordinates and F takes values in R2. Set P = −y ∂F∂x
and Q = y ∂F∂y so that the derivatives of P,Q satisfy the system of linear
equations, the Joyce equations:
∂P
∂x
=
∂Q
∂y
,
∂P
∂y
+
∂Q
∂x
= y−1P.
Conversely, any solution of these equations arises (at least locally) from some
F . Now write Pi, Qi for the components of P,Q. Then Joyce’s metric has
the form
dx2 + dy2
y2
+
(P2du1 − P1du2)2 + (Q2du1 −Q1du2)2
(P1Q2 −Q1P2)2 .
This is an anti-self-dual Riemannian metric on a real 4-dimensional manifold;
the anti-self-duality condition is a consequence of the Joyce equations.
Using Joyce’s classification, Calderbank–Pedersen prove the following re-
sult.
Theorem 4.2 (Calderbank–Pedersen, [6]). A toric anti-self-dual Einstein
metric with non-zero scalar curvature is surface orthogonal. Moreover, the
two components of F in Joyce’s construction satisfy the PDE
x
∂F1
∂x
+ y
∂F1
∂y
= −∂F2
∂y
.
Conversely, any such pair of axially-symmetric harmonic functions deter-
mine a toric anti-self-dual Einstein metric, at least where P1Q2−Q1P2 6= 0.
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Changing from Joyce coordinates to twistor coordinates turns the PDE
for F1, F2 in Theorem 4.2 into the PDE for G1, G2 in Lemma 4.1. To see this
we first recall the coordinate transformation, which is described in detail [7].
We begin by complexifying Joyce’s construction to produce an anti-self-
dual conformal structure on a complex four-manifold, corresponding to the
space of twistor lines. To do this simply let x, y be complex and replace F
by a C2-valued function satisfying the same PDE; the conformal class then
has same form as above.
Now let ζ = x + iy, ξ = x − iy and define r = (ζ − i)/(ζ + i), s =
(ξ − i)/(ξ + i), to change to twistor coordinates. This transforms Joyce’s
conformal class into one determined by a function G which is related to F
by
∂F
∂ζ
=
(
ζ + i
ξ + i
)1/2 ∂G
∂ζ
,
∂F
∂ξ
=
(
ξ + i
ζ + i
)1/2 ∂G
∂ξ
.
(An unfortunate misprint in the published version of [7] has the factors
(ζ + i)1/2(ξ + i)−1/2 wrongly inverted.)
It is now straightforward to turn Calderbank and Pedersen’s PDE in to
ours. Changing coordinates from (x, y) to (ζ, ξ), the equation for F1, F2
becomes
ζ
∂F1
∂ζ
+ ξ
∂F1
∂ξ
+
∂F2
∂ζ
+
∂F2
∂ξ
= 0.
This is equivalent to the following equation for G1, G2:
(ζ + i)
(
ζ
∂G1
∂ζ
+
∂G2
∂ζ
)
+ (ξ + i)
(
ξ
∂G1
∂ξ
+
∂G2
∂ξ
)
= 0.
Finally changing coordinates from (ζ, ξ) to (r, s) this becomes
(r + 1)
∂G1
∂r
+ i(r − 1)∂G2
∂r
+ (s+ 1)
∂G1
∂s
+ i(s− 1)∂G2
∂s
= 0,
which is precisely the PDE of Lemma 4.1 with the appropriate values of
a, b, c, d as chosen in Theorem 3.9.
This calculation shows that our twistor analysis leads to a new proof of
one direction of Theorem 4.2, namely that the PDE for F1, F2 is necessary.
To show the converse, we need a converse to Lemma 4.1.
Lemma 4.3. Suppose that
(ar + b)
∂G1
∂r
+ (cr + d)
∂G2
∂r
+ (as+ b)
∂G1
∂s
+ (cs+ d)
∂G2
∂s
= 0.
Then (az2 + b)φ′1(z) + (cz
2 + d)φ′2(z) is constant.
Proof. Put f(z) = (az2+b)φ′1(z)+(cz
2+d)φ′2(z). Assuming the PDE for G,
the same calculation as in the proof of Lemma 4.1 gives that
∫
C fχdz = 0.
As is explained in [7], there is an interpretation of this condition in terms of
the Cˇech cohomology of the elliptic curve associated to (z2−r)1/2(z2−s)1/2.
Namely, it says that f can be written as the difference of two holomorphic
functions f1, f2 each defined on opposite branches of the elliptic curve;
moreover, the fi are unique up to the addition of a constant.
In [7], this was applied to the odd function φ itself. Here, however, f is
even and this means that f can be extended holomorphically over the whole
elliptic curve and hence is constant. To see this, define fˆ1(z) = −f2(−z),
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fˆ2(z) = −f1(−z). Now, for z in the domain of f , fˆ2(z) − fˆ1(z) = f2(−z)−
f1(−z) = f(−z) = f(z). Hence, by uniqueness, fˆi(z) = fi(z) + c. This
means that f(z) = f2(z) − f1(z) = −f1(−z) − f1(z) − c and so f extends
over one branch; similarly, f(z) = f2(z) + f2(−z) + c and so f extends over
the other branch. 
It follows from this that if F1, F2 satisfy the conditions of Theorem 4.2, so
that G1, G2 satisfy the conditions of Lemma 4.3, then φ satisfies an ODE of
the kind required for the corresponding twistor space to admit an invariant
twisted holomorphic contact structure. In other words, Lemmas 4.1 and 4.3
combined with Theorem 3.9 give a twistor theoretic proof of Calderbank
and Pedersen’s result.
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